LOEWNER'S TORUS INEQUALITY WITH 
ISOSYSTOLIC DEFECT 
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Abstract. We show that Bonnesen's isoperimetric defect has a 
systolic analog for Loewner's torus inequality. The isosystolic de- 
fect is expressed in terms of the probabilistic variance of the con- 
formal factor of the metric Q with respect to the flat metric of unit 
area in the conformal class of Q. 
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I. Bonnesen defect and isosystolic defect 

The systole of a compact metric space X is a metric invariant of X, 
defined to be the least length of a noncontractible loop in X. We 
will denote it sys = sys(X), cf. M. Gromov [Gr83l lGr96l lGr99l lGr07j . 
When X is a graph, the invariant is usually referred to as the girth, 
ever since W. Tutte's article [Tu47j . Possibly inspired by the latter, 
C. Loewner started thinking about systolic questions on surfaces in the 
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FIGURE 1.1. Wikiartist's conception of a shortest loop 
on a torus 

late forties, resulting in a '50 thesis by his student P.M. Pu, published 
as [Fu52j . 

Loewner himself did not publish his torus inequality (11.11) . apparently 
leaving it to Pu to pursue this line of research. Meanwhile, the latter 
was recalled to the mainland after the communists ousted Chiang Kai- 
shek in '49. Pu was henceforth confined to research in fuzzy topology 
in the service of the people. Our guess is that Pu may have otherwise 
obtained a geometric inequality with isosystolic defect, already half a 
century ago, placing it among the classics of the global geometry of 
surfaces. 

Similarly to the isoperimetric inequality, Loewner's torus inequality 
relates the total area, to a suitable 1-dimensional invariant, namely the 
systole, i.e. least length of a noncontractible loop on the torus (T 2 , Q): 



cf. (TO) and [PuM[KaT)7] . 

The classical Bonnesen inequality |Bo2~T] is the strengthened isoperi- 
metric inequality 



see |BZ88[ p. 3]. Here A is the area of the region bounded by a closed 
Jordan curve of length (perimeter) L in the plane, R is the circumradius 
of the bounded region, and r is its inradius. The error term n 2 (R — 
r) 2 on the right hand side of (11.21) is traditionally referred to as the 
isoperimetric defect. 



area(£) - sys(£) 2 > 0, 



(1.1) 



L 2 — An A > n 2 (R-r) 2 , 



(1.2) 
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In the present text, we will strengthen Loewner's torus inequality by 
introducing a "defect" term a la Bonnesen. There is no defect term 
in either |Pu52j or [Ka07]. The approach that has been used in the 
literature is via an integral identity expressing area in terms of ener- 
gies of loops. Somehow researchers in the field seem to have overlooked 
the fact that the computational formula for the variance yields an im- 
provement, namely the defect term. There is thus a significant change 
of focus, from the integral geometric identity, to the application of the 
computational formula, elementary though it may be. 

If we use conformal representation to express the metric Q on the 
torus as 

f(dx 2 + dy 2 ) 

with respect to a unit area flat metric dx 2 + dy 2 on the torus viewed 
as a quotient of the (x, y) plane by a lattice (see (11.61) ). then the defect 
term in question is simply the variance of the conformal factor / above. 
Then the inequality with the defect term can be written as follows: 

area(£) - ^ sys(£) 2 > Var(/). (1.3) 
Here the error term, or isosystolic defect, is given by the variance 

Var(/)= / (f-m) 2 (1.4) 

of the conformal factor / of the metric Q = f 2 (dx 2 + dy 2 ) on the 
torus, relative to the unit area flat metric Go — dx 2 + dy 2 in the same 
conformal class. Here 

m= [ f (1.5) 

is the mean of /. More concretely, if (T 2 ,Qo) = M?/L where L is a 
lattice of unit coarea, and D is a fundamental domain for the action 
of L on M 2 by translations, then the integral (11.51) can be written as 

m— I f(x, y)dxdy 
Jd 

where dxdy is the standard measure of M. 2 . Every flat torus is isometric 
to a quotient T 2 = IR 2 /L where L is a lattice, cf. [Lo71l Theorem 38.2]. 
Recall that the uniformisation theorem in the genus 1 case can be 
formulated as follows. 

Theorem 1.1 (Uniformisation theorem). For every metric Q on the 2- 
torus T 2 , there exists a lattice Lcl 2 and a positive L-periodic func- 
tion f(x,y) on R 2 such that the torus (T 2 ,Q) is isometric to 

(R 2 /L,f 2 ds 2 ), (1.6) 
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where ds 2 = dx 2 + dy 2 is the standard flat metric ofM?. 

When the flat metric is that of the unit square torus, Loewner's 
inequality can be strengthened to the inequality 

area(^) — sys(£) 2 > Var(/), 

cf. ( 14.41) . In this case, if the conformal factor depends only on one 
variable (as, for example, in the case of surfaces of revolution), one can 
strengthen the inequality further by providing a second defect term as 
follows: 

area(£) - sys(£) 2 > Var(/) + ~ |/ |? , (1.7) 

where fo = f — E(f), while E(f) is the expected value of /, and \\ 1 is 
the Z^-norm. See also inequality (16.21) . More generally, we obtain the 
following theorem. 

We first define a "biaxial" projection Pba(/) as follows. Given a 
doubly periodic function f(x,y), i.e. a function defined on R 2 /Z 2 , we 
decompose / by setting 

f(x, y) = E(f) + g f (x) + h f (y) + k f (x, y), 

where the single- variable functions gj and hf have zero means, while kf 
has zero mean along every vertical and horizontal unit interval. We 
have g f (x) = J f(x,y)dy, while h f (y) = f Q f(x,y)dx. The projec- 
tion P BA (/) is then defined by setting 

F BA (f)=g f (x) + h f (y). 

In terms of the double Fourier series of /, the projection P BA amounts 
to extracting the (m, n)-terms such that mn = (i.e. the terms located 
along the pair of coordinate axes), but (m, n) ^ (0,0). 

Theorem 1.2. In the conformal class of the unit square torus, the 
metric f 2 ds 2 defined by a general conformal factor f(x,y) > 0, satis- 
fies the following version of Loewner's torus inequality with a second 
systolic defect term: 

area(£) - sys(£) 2 > Var(/) + i |P BA (/)|' . (1.8) 

Theorem 11.21 is proved in Section [7J 

Marcel Berger's monograph |Be03, pp. 325-353] contains a detailed 
exposition of the state of systolic affairs up to '03. More recent develop- 
ments are covered in |Ka07] . Recent publications in systolic geometry 
include [Be08l IBr08al IBr08bl IBr08d IDKRM iKaM IRSM ISa08l [BW091 
EKQ9l[KK09l[KS09j. 
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2. Variance, Hermite constant, successive minima 

The proof of inequalities with isosystolic defect relies upon the fa- 
miliar computational formula for the variance of a random variable in 
terms of expected values. Keeping our differential geometric applica- 
tion in mind, we will denote the random variable /. Namely, we have 
the formula 

E,{f) ~ {E,{f)f = Var(/), (2.1) 
where \i is a probability measure. Here the variance is 

Var(/) = £ M ((/-m) 2 ), 

where m = E^(f) is the expected value (i.e. the mean). 

Now consider a flat metric Go of unit area on the 2-torus T 2 . Denote 
the associated measure by /i. Since fi is a probability measure, we can 
apply formula (12. ip to it. Consider a metric Q = f 2 Qo conformal to 
the flat one, with conformal factor f(x, y) > 0, and new measure f 2 fi. 
Then we have 

E,U 2 ) = [ fn = area(£). 
Equation (12.11) therefore becomes 

Mea(0)-(£ M (/)) 2 = Var(/). (2.2) 

Next, we will relate the expected value E^(f) to the systole of the 
metric Q. To proceed further, we need to deal with some combinatorial 
preliminaries. We will then relate (12.11) to Loewner's torus inequality. 

Let B be a finite-dimensional Banach space, i.e. a vector space to- 
gether with a norm || ||. Let L C (B, || ||) be a lattice of maximal rank, 
i.e. satisfying rank(L) = dim(B). We define the notion of successive 
minima of L as follows. 

Definition 2.1. For each k = 1, 2, ... , rank(L), define the k-th succes- 
sive minimum of the lattice L by 



\ k (L,\\ ||) = inf^Ae 



3 lin. indep. Vi, . . . ,v k E L 
with \\vA\ < A for all i 



(2.3) 



Thus the first successive minimum, Ai(L, || ||) is the least length of 
a nonzero vector in L. 

Definition 2.2. Let b £ N. The Hermite constant % is defined in one 
of the following two equivalent ways: 

(1) 7b is the square of the biggest first successive minimum, cf. Defi- 
nition I2.1[ among all lattices of unit covolume; 
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(2) 7;, is defined by the formula 

X 1 (L) 



Vlb = sup 



vo 



'/Ly/ b 



L C 



where the supremum is extended over all lattices L in 
a Euclidean norm II II. 



(2.4) 
with 



A lattice realizing the supremum is called a critical lattice. A critical 
lattice may be thought of as the one realizing the densest packing in M. b 
when we place balls of radius |Ai(L) at the points of L. 



3. Standard fundamental domain and Eisenstein integers 

Definition 3.1. The lattice of the Eisenstein integers is the lattice 
in C spanned by the elements 1 and the sixth root of unity. 

To visualize the lattice, start with an equilateral triangle in C with 
vertices 0,1, and | + i ^ , and construct a tiling of the plane by repeat- 
edly reflecting in all sides. The Eisenstein integers are by definition the 
set of vertices of the resulting tiling. 

The following result is well-known. We reproduce a proof here since 
it is an essential part of the proof of Loewner's torus inequality with 
isosystolic defect. 

Lemma 3.2. When b = 2, we have the following value for the Her- 
mite constant: 72 = = 1.1547. . .. The corresponding critical lattice 
is homothetic to the Z-span of the cube roots of unity in C, i.e. the 
Eisenstein integers. 

Proof. Consider a lattice L C C = M 2 . Clearly, multiplying L by 
nonzero complex numbers does not change the value of the quotient 

area(C/L)' 

Choose a "shortest" vector z G L, i.e. we have \z\ = Xi(L). By re- 
placing L by the lattice z _1 L, we may assume that the complex num- 
ber + 1 G C is a shortest element in the lattice. We will denote the new 
lattice by the same letter L, so that now Xi(L) = 1. Now complete the 
element +1 G L to a Z-basis 

{r,+l} (3.1) 

for L. Thus |r| > X\{L) = 1. Consider the real part 5ft(r). Clearly, we 
can adjust the basis by adding a suitable integer to r, so as to satisfy 
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the condition — | < 3?(r) < |. Then the basis vector r lies in the 
closure of the standard fundamental domain 

D = {z e C| |*| > 1, |9fc(s)| < f, 3f(z) > 0} (3.2) 

for the action of the group PSL(2,Z) in the upperhalf plane of C. 
The imaginary part satisfies 3(r) > with equality possible in the 

following two cases: r = e 1 ^ or r = e*^. Finally, we calculate the area 
of the parallelogram in C spanned by r and +1, and write 

area(C/L) V3 
to conclude the proof. □ 



4. Fundamental domain and Loewner's torus inequality 

We now return to the proof of Loewner's torus inequality for the 
metric Q = f 2 Qo using the computational formula for the variance. 
Let us analyze the expected value term E^(f) = f j2 fji in (12.21) . 

By the proof of Lemma I3T2"| the lattice of deck transformations of the 
flat torus Go admits a Z-basis similar to {r, 1} C C, where r belongs 
to the standard fundamental domain f)3.2p . In other words, the lattice 
is similar to 

Zr + Zl C C. 

Consider the imaginary part S(r) and set 

a 2 := 3<(r) > 0. 

From the geometry of the fundamental domain it follows that cr 2 > 
with equality if and only if r is the primitive cube or sixth root of unity. 
Since Qo is assumed to be of unit area, the basis for its group of deck 
tranformations can therefore be taken to be 

where 3(cr _1 r) = o. We will prove the following generalisation of 
Loewner's bound. 

Theorem 4.1. Every metric Q on the torus satisfies the inequality 

area(£) - a 2 sys(£) 2 > Var(/), (4.1) 

where f is the conformal factor of the metric Q with respect to the unit 
area flat metric Q . 
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Proof. With the normalisations described above, we see that the flat 
torus is ruled by a pencil of horizontal closed geodesies, denoted ^ y = 
j y (x), each of length er -1 , where the "width" of the pencil equals a, i.e. 
the parameter y ranges through the interval [0, a], with 7 CT = 70. 

By Fubini's theorem, we obtain the following lower bound for the 
expected value: 

EM = I I / ] dv 




length (7 y )dy 
> cr sys(£), 

Substituting into (I2.2p . we obtain the inequality 

area(£) - a 2 sys(£) 2 > Var(/), (4.2) 

where / is the conformal factor of the metric Q with respect to the unit 
area flat metric Qq. □ 

Since a 2 > we obtain in particular a strengthening of Loewner's 
torus inequality, namely the following inequality with isosystolic defect: 

area(£) - & sys(£) 2 > Vax(/), (4.3) 
as discussed in the introduction. 

Corollary 4.2. A metric satisfying the boundary case of equality in 
Loewner's torus inequality ( 11. II) is necessarily flat and homothetic to 
the quotient 0/M 2 by the lattice of Eisenstein integers. 

Proof. If a metric f 2 ds 2 satisfies the boundary case of equality in (II. ip . 
then the variance of the conformal factor / must vanish by (14. 3p . 
Hence / is a constant function. The proof is completed by applying 
Lemma 13.21 □ 



Now suppose r is pure imaginary, i.e. the lattice L is a rectangular 
lattice of coarea 1. Note that this property for a coarea 1 lattice is 
equivalent to the equality \i(L)X 2 (L) = 1. 

Corollary 4.3. // r is pure imaginary, then the metric Q = f 2 Go 
satisfies the inequality 

area(£) - sys(£) 2 > Var(/). (4.4) 

Proof. If t is pure imaginary then o > 1, and the inequality follows 
from (TO]). □ 

In particular, every surface of revolution satisfies (14.41) . since its lat- 
tice is rectangular, cf. Corollary 15.31 
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5. First fundamental form and surfaces of revolution 

This elementary section is concerned mainly with surfaces of revolu- 
tion and an explicit construction of isothermal coordinates on such sur- 
faces. Recall that the first fundamental form of a regular parametrized 
surface x^u 1 , u 2 ) in R 3 is the bilinear form on the tangent plane defined 
by the restriction of the ambient inner product ( , ). With respect to 
the basis {x\,x 2 }, where Xi = J^-, it is given by the two by two ma- 
trix (gij), where g^ = (xi,xj) are the metric coefficients. 

In the special case of a surface of revolution, it is customary to use 
the notation u 1 = 9 and u 2 = p. The starting point is a curve C 
in the rrz-plane, parametrized by a pair of functions x = /(</?), z = 
g((p). We will assume that f((p) > 0. The surface of revolution 
(around the z-axis) defined by C is parametrized as follows : x(9, <p) = 
(f(<p) cos 9, f(ip) sm9, g((p))- The condition f(ip) > ensures that the 
resulting surface is an imbedded torus, provided the original curve C 
itself is a Jordan curve. The pair of functions (/, g) gives an arclength 

parametrisation of the curve if (j[^J + {ju^J = 1- F° r example, 

setting f(ip) = simp and g(ip) = cosy?, we obtain a parametrisa- 
tion of the sphere S 2 in spherical coordinates. To calculate the first 
fundamental form of a surface of revolution, note that Xi — || = 

(-/ sin 9 J cos 9,0), while x 2 = %= (j|cos0, ;|sin0, g), so that we 

have 0ii = / 2 sin 2 #+/ 2 cos 2 fl = f 2 , while g 22 = (cos 2 ^+sin 2 9) + 

{%) 2 = (f ) 2 + {% ) 2 ^d 9l2 = -f%sm9cos9 + f% cos 9 sin 9 = 0. 
Thus we obtain the first fundamental form 

f 




(9yH l° ($) 2 + (f)V- (51) 

We have the following obvious lemma. 

Lemma 5.1. For a surface of revolution obtained from a unit speed 
parametrisation (f(ip),g(ip)) of the generating curve, we obtain the fol- 
lowing matrix of the coefficients of the first fundamental form: 

7 2 



(9i 



1 



The following lemma expresses the metric of a surface of revolution 
in isothermal coordinates. 

Lemma 5.2. Suppose (f(<p),g(ip)), where f(ip) > 0, is an arclength 
parametrisation of the generating curve of a surface of revolution. Then 



10 



CHARLES HOROWITZ, KARIN USADI KATZ, AND M. KATZ 



the change of variable 

i f d( P 



m 

produces a new parametrisation (in terms of variables 8, ip ), with respect 
to which the first fundamental form is given by a scalar matrix (gij) = 

(/%*)■ 

In other words, we obtain an explicit conformal equivalence between 
the metric on the surface of revolution and the standard flat metric 
on the quotient of the (9, tp) plane. Such coordinates are referred to 
as "isothermal coordinates" in the literature. The existence of such a 
parametrisation is of course predicted by the uniformisation theorem 
(see Theorem II. II) in the case of a general surface. 

Proof. Let <p = tp(ip)- By chain rule, = Jj^^j- Now consider again 
the first fundamental form (15. ip . To impose the condition g n = g 2 2, 

we need to solve the equation f 2 = (jjj^J + f 

'-((£ 

In the case when the generating curve is parametrized by arclength, we 
are therefore reduced to the equation / = or ip — J -J^y. Replac- 
ing ip by ip, we obtain a parametrisation of the surface of revolution 
in coordinates (9,i/j), such that the matrix of metric coefficients is a 
scalar matrix. □ 

Corollary 5.3. Consider a torus of revolution in M 3 formed by rotating 
a Jordan curve with unit speed parametisation (f((p),g(ip)) where ip G 
[0, L] , and L is the total length of the closed curve. Then the torus is 
conformally equivalent to a flat torus defined by a rectangular lattice 

aZ © 6Z, 




where a = 2tc and b = j^-t . 



6. A SECOND ISOSYSTOLIC DEFECT TERM 

In the notation of Section [3], assume for simplicity that r = i, i.e. 
the underlying flat metric is that of a unit square torus R 2 /Z 2 where 
we think of M 2 as the (x, y) plane. For metrics in this conformal class, 
we will obtain an additional defect term for Loewner's torus inequal- 
ity. First, we study a metric Q = f 2 ds 2 , defined by a conformal fac- 
tor f(y) > 0, where ds 2 = dx 2 + dy 2 is the standard flat metric and the 
conformal factor only depends on one of the variables, as in the case 
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of a surface of revolution, see Section [51 Our estimate is based on the 
following lemma. 

Lemma 6.1. Let g be a continuous function with zero mean on the unit 
interval [0,1]. Then we have the following bound in terms of the L 1 
norm: 



[ (£-min 9 ) > \\g\^. 
Jo 



Proof. Let S + C [0, 1] be the set where the function g is positive, so 
that \g\ 1 = J \g\ = 2 J' + g. Since min g < 0, we obtai 



am 



[ (g-mm g )> [ (g-mm g )> [ g = hg\ 1 , 
Jo Js+ Js+ 1 

completing the proof of the lemma. □ 

Consider the unit square torus (R 2 /Z 2 , ds 2 ), where ds 2 = dx 2 + dy 2 , 
covered by the (x, y) plane. 

Theorem 6.2. // the conformal factor f of the metric Q = f 2 ds 2 
on M 2 /Z 2 only depends on one of the two variables, then Q satisfies the 
inequality 

area(£) - Var(/) > (sys(^) + \ l/olj 2 , (6.1) 
where fo = f~ m an d m is the expected value of f . 

To make inequality ( 16. II) resemble Loewner's torus inequality, we can 
rewrite it as follows: 

area(£) - sys(£) 2 > Vax(/) + sys(^) |/ |i + ^ |/o|? , 

so that, in particular, we obtain a form of the inequality which does 
not involve the systole in the right hand side: 

area(£) - sys(£) 2 > Var(/) + \\f \l (6.2) 

Proof of Theorem \6.B . To fix ideas, assume / only depends on y. Let yo 
be the point where the minimum min^ of / = f(y) is attained. The Q- 
length of the horizontal unit interval at height yo equals 

/ f(x,yo)dx= / mmfdx = min/. (6.3) 
Jo Jo 

Such an interval parametrizes a noncontractible loop on the torus, and 
we obtain 

sys(£?) = mhiy-. 
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Applying Lemma [6TT1 to / = f — E(f) where / is the conformal factor, 
we obtain 

E(f) - sys(£) = J (/ - mm,) = jf (/„ - min /o ) > \ \h\ x , (6.4) 
and the theorem follows from (12.21) . □ 

7. Biaxial projection and second defect 

Now consider an arbitrary conformal factor / > on K 2 /Z 2 . We 
decompose / into a sum 

f(x, y) = E(f) + g f (x) + h f (y) + k f (x, y), 

where functions gj and hf have zero means, and kf has zero mean 
along every vertical and horizontal unit interval. The "biaxial" projec- 
tion P B a(/) is defined by setting 

F BA (f)=g f (x) + h f (y). (7.1) 

In terms of the double Fourier series of /, the projection P BA amounts 
to extracting the (m, n)-terms such that ran = (i.e. the pair of axes), 
but (m,n) ^ (0,0). 

Theorem 7.1. In the conformal class of the unit square torus, the 
metric f 2 ds 2 defined by a conformal factor f(x,y) > 0, satisfies the 
following version of Loewner's torus inequality with a second defect 
term: 

area(£) - sys(£) 2 > Var(/) + ^ |P BA (/)|? • (7-2) 

If f only depends on one variable then the coefficient i in (17.21) can 
be replaced by j. 

Proof. Applying the triangle inequality to (17.11) . we obtain 

|E"ba(/)|x ^ Ifl 1 /^)!! + \hf(y)\i ■ 

Due to the symmetry of the two coordinates, we can assume without 
loss of generality that 

\hf{y)\ l > ^ |P B a(/)|i • (7-3) 
We define a function / by setting 

f(y) = E(f) + h f (y)= [ f(x,y)dx. 

Jo 
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We have / > since it is an average of a positive function. Clearly, 
we have f = hf. By Lemma EH] applied to / , we obtain 

J (f - nun/) ^I/oL^PbaC/O 



in view of (17.31) . We now compare the two metrics f 2 ds 2 and f 2 ds 2 . 
Let ?/o be the point where the function / attains its minimum. Then 

sys(f 2 ds 2 ) = mm f - = f (y ) = / f(x,y )dx > sjs(f 2 ds 2 ). (7.4) 



Meanwhile, 



E(f) = E(f) > sys(f 2 ds 2 ) + \ \] Q \ X (7.5) 



by (16.41) applied to the averaged metric / ds 2 . Thus, 
area(/W)-Var(/) = E(/) 2 

> Us(f 2 ds 2 ) + jF BA (f) 

> ^ S ys(/W) + ip BA (/) X 
by combining (17.41) and (17. 5p . □ 

8. Acknowledgments 

We are grateful to M. Agranovsky, A. Rasin, and A. Reznikov for 
helpful discussions. 



14 



CHARLES HOROWITZ, KARIN USADI KATZ, AND M. KATZ 



References 

[AK09] Ambrosio, L.; Katz, M.: Flat currents modulo p in metric spaces and 
filling radius inequalities, preprint. 

[BW09] Bangert, V; Katz, M.; Shnider, S.; Weinberger, S.: E 7 , Wirtinger in- 
equalities, Cayley 4-form, and homotopy. Duke Math. J. 146 ('09), no. 1, 
35-70. See |arXiv:math.DG /0608006] 

[Be03] Berger, M.: A panoramic view of Riemannian geometry. Springer- Verlag, 
Berlin, 2003. 

[Be08] Berger, M.: What is... a Systole? Notices of the AMS 55 (2008), no. 3, 
374-376. 

[Bo21] Bonnesen, T.: Sur une amelioration de l'inegalite isoperimetrique du cer- 
cle et la demonstration d'une inegalite de Minkowski. C. R. Acad. Sci. 
Paris 172 (1921), 1087-1089. 

[Br08a] Brunnbauer, M.: Homological invariance for asymptotic invariants and 
systolic inequalities. Geometric and Functional Analysis (GAFA), 18 
('08), no. 4, 1087-1117. See |arXiv:math.GT/0702789| 

[Br08b] Brunnbauer, M.: Filling inequalities do not depend on topology. J. Reine 
Anaew. Math. 624 f2008). 217-231. See larXiv:0706.2790l 

[Br08c] Brunnbauer M.: On manifolds satisfying stable systolic inequalities. 
Math. Annalen 342 ('08), no. 4, 951-968. See larXiv:0708.2589l 

[BZ80] Burago, Yu.; Zalgaller, V.: Geometric Inequalities, "Nauka" (1980), Rus- 
sian. 

[BZ88] Burago, Yu.; Zalgaller, V.: Geometric Inequalities, Springer (1988). 
[DKR08] Dranishnikov, A.; Katz, M.; Rudyak, Y.: Small values of the Lustcrnik- 

Schnirclmann category for manifolds. Geometry and Topology 12 (2008), 

1711-1727. See larXiv:0805.1527l 
[Gr83] Gromov, M.: Filling Riemannian manifolds. J. Diff. Geom. 18 (1983), 

1-147. 

[Gr96] Gromov, M.: Systoles and intersystolic inequalities. Actes de la Ta- 
ble Ronde de Geometrie Differentielle (Luminy, 1992), 291-362, Semin. 
Congr., 1, Soc. Math. France, Paris, 1996. 

www.emis.de/journals/SC/1996/l/ps/smf_sem-cong_l_291-362.ps.gz 

[Gr99] Gromov, M.: Metric structures for Riemannian and non-Riemannian 
spaces. Progr. Math. 152, Birkhauser, Boston, 1999. 

[Gr07] Gromov, M.: Metric structures for Riemannian and non-Riemannian 
spaces. Based on the 1981 French original. With appendices by M. Katz, 
P. Pansu and S. Semmes. Translated from the French by Sean Michael 
Bates. Reprint of the 2001 English edition. Modern Birkhauser Classics. 
Birkhauser Boston, Inc., Boston, MA, 2007. 

[KK09] Katz, Karin Usadi; Katz, M.: Hyperellipticity and Klein bottle compan- 
ionship in systolic geometry. See arXiv:081 1. 17171 

[Ka07] Katz, M.: Systolic geometry and topology. With an appendix by Jake P. 

Solomon. Mathematical Surveys and Monographs, 137. American Math- 
ematical Society, Providence, RI, 2007. 

[Ka08] Katz, M.: Systolic inequalities and Massey products in simply-connected 
manifolds. Israel J. Math. 164 (2008), 381-395. [arXiv:math.DG/0604012| 

[KS09] Katz, M.; Shnider, S.: Cayley 4-form comass and triality isomorphisms. 
Israel J. Math. (2009), to appear. See larXiv:0801.0283l 



LOEWNER'S TORUS INEQUALITY WITH ISOSYSTOLIC DEFECT 



15 



[Lo71] Loewner, C: Theory of continuous groups. Notes by H. Flanders and 
M. Protter. Mathematicians of Our Time 1, The MIT Press, Cambridge, 
Mass. -London, 1971. 

[Pu52] Pu, P.M.: Some inequalities in certain nonorientable Riemannian mani- 
folds, Pacific J. Math. 2 (1952), 55-71. 

[Ril854] B. Riemann, Hypotheses qui servent de fondement a la geometrie. Oeu- 
vres mathematiques de Riemann. J. Gabay, Sceaux, 1990. 

[RS08] Rudyak, Y.: Sabourau, S.: Systolic invariants of groups and 2-complexes 
via Grushko decomposition. Ann. Inst. Fourier 58 (2008), no. 3, 777-800. 
See |arXiv:math.DG /0609379] 

[Sa08] Sabourau, S.: Asymptotic bounds for separating systoles on surfaces. 
Comment. Math. Helv. 83 (2008), no. 1, 35-54. 

[Tu47] Tutte, W. T.: A family of cubical graphs. Proc. Cambridge Philos. Soc, 
43 (1947), 459-474. 

[Us93] Usadi, Karin: A counterexample to the equivariant simple loop conjec- 
ture. Proc. Amer. Math. Soc. 118 (1993), no. 1, 321-329. 



Department of Mathematics, Bar Ilan University, Ramat Gan 52900 
Israel 

E-mail address: {horowitz ,katzmik}@macs . biu.ac.il 



